Predicate and Relation Lifting for Parametric Algebraic Specifications

Hendrik Tews

Institut für Theoretische Informatik, TU Dresden

tews@tcs.inf.tu-dresden.de

CMCS 2004

This talk is about

Bisimulation and Invariants for Coalgebras

of a specific class of functors.

CMCS 2004: Liftings for algebraic specifications (slide 2 of 26) Hendrik Tews

I. Introduction Example I

Elem : Loose Specification

Operation equal : Elem × Elem bool End Elem

FSetDel[T : Elem] : Initial Specification

Operations empty : FSetDel add : FSetDel × T FSetDel del : FSetDel × T FSetDel Variables x : FSetDel; t, t_1, t_2 : T Axioms

add_comm : add(add(x, t_1), t_2) = add(add(x, t_2), t_1) add_idem : add(add(x, t), t) = add(x, t) del_empty : del(empty, t) = empty del_add_eq : equal(t_1, t_2) = true =⇒ del(add(x, t_1), t_2) = del(x, t_2) del_add_neq: equal(t_1, t_2) = false =⇒ del(add(x, t_1), t_2) = add(del(x, t_2), t_1) End FSetDel

CMCS 2004: Liftings for algebraic specifications (slide 3 of 26) Hendrik Tews

I. Introduction Example II

Type : Loose Specification

End Type

FSet[T : Type] : Initial Specification

Operations empty : FSet add : FSet × T FSet Variables x : FSet; t, t_1, t_2 : T Axioms

add_comm : add(add(x, t_1), t_2) = add(add(x, t_2), t_1) add_idem : add(add(x, t), t) = add(x, t) End FSet

CMCS 2004: Liftings for algebraic specifications (slide 4 of 26) Hendrik Tews

I. Introduction

• The specifications FSet/FSetDel define functors �FSet�/�FSetDel� that map models of Type/Elem to models of FSet/FSetDel (made precise later)

Consider Coalgebras X �FSetDel�(X)

To define such a coalgebra we have to:

• select a carrier X • define an equality relation on X to make it a model of Elem • form �FSetDel�(X) • define coalgebra mapping X �FSetDel�(X)

What are �FSetDel�–Bisimulations?

What are �FSetDel�–Invariants?

CMCS 2004: Liftings for algebraic specifications (slide 5 of 26) Hendrik Tews

I. Introduction Oops ...

• definition of the paper works for FSet • however, it fails for FSetDel • Proposition 3.4. in the paper is wrong

(please don’t cite it) • improved definitions in this talk • get a corrected version from

http://wwwtcs.inf.tu-dresden.de/∼tews/science.html

CMCS 2004: Liftings for algebraic specifications (slide 6 of 26) Hendrik Tews

I. Introduction Contents

I. Introduction / Example II. Review Approaches to define bisimulation III. Recall Semantics of parametric algebraic specifications IV. Predicate and Relation lifting for algebraic specifications V. Properties / Problems VI. Improved liftings VII. Conclusion / related work

CMCS 2004: Liftings for algebraic specifications (slide 7 of 26) Hendrik Tews

Defining bisimulation

Bisimulations according to Aczel/Mendler [1] X c R π_2 π_1 Y d �FSetDel�(X) �FSetDel�(R)

�FSetDel�(π_2)

�FSetDel�(π_1) �FSetDel�(Y ) • usually impossible to equip R with an equality relation such that π_1 : R X and π_2 : R Y are Elem-Morphisms: x = x =⇒ (x, y_1) = (x, y_2) =⇒ y_1 = y_2 x_1 ≠ x_2 =⇒ (x_1, y) ≠ (x_2, y) =⇒ y ≠ y

Bisimulations according to Hermida/Jacobs [6]

• need to define relation lifting for �FSetDel� • equation Rel(F )(R) = ∐ ⟨F (π_1),F (π_2)⟩ F (R) cannot be used

CMCS 2004: Liftings for algebraic specifications (slide 8 of 26) Hendrik Tews

Defining Bisimulations II

Bisimulations via Cospans

R ⊆ X × Y is a bisimulation if there exists z, f, g: X c f Y d g

�FSetDel�(X) �FSetDel�(f) Z z �FSetDel�(Y ) �FSetDel�(g)

�FSetDel�(Z) such that x R y ⇐⇒ f x = g y

• resulting notion of bisimulation does not agree with intuition (see Example 2.4 in the paper)

CMCS 2004: Liftings for algebraic specifications (slide 9 of 26) Hendrik Tews

III. Semantics Parameter specification

In general

• ignore syntactic issues • work with single sorted specifications

Consider a parameter specification T

• neither algebraic nor coalgebraic • loose semantics • given as category Mod(T ) of models of T

Example – Elem

• models of Elem are pairs ⟨E, eq⟩ with eq : E × E bool • morphisms are functions that preserve and reflect equality: eq_2 (f e_1, f e_2) = eq_1(e_1, e_2)

CMCS 2004: Liftings for algebraic specifications (slide 10 of 26) Hendrik Tews

III. Semantics Algebraic Specification

Iterated polynomial functors [5] Set^n Set

F (X_1, . . . , X_n) = A | X_i | F_1(· · · )^+× F_2(· · · ) | A ⇒ F_1(· · · ) | μ/ν X . F_1(. . . , X, . . .)

Consider an algebraic specification S

• parametric in T , single sorted, initial semantics • Signature given as Sig : Set × Set Set (an iterated polynomial functor) • signature models are algebras: Sig(U, X) X • models are pairs ⟨T, a⟩ with a : Sig(|T |, X) X

• morphisms between models

T_1 f Sig(|T_1|, X) a Sig(f, g) X g T_2 Sig(|T_2|, Y ) b Y • forgetful functor U : Mod(S) Mod(T ) • semantics �S� ⊣ U with U ∘ �S� = Id • �S�(T ) is constructed as quotient μX . Sig(|T |, X) / Q_T ,

where Q_T is the least congruence relation implied by the axioms of S • works for equational Horn formulas [9]

CMCS 2004: Liftings for algebraic specifications (slide 11 of 26) Hendrik Tews

III. Semantics FSetDel

Semantics of the specification FSetDel

• Functor F (T, X) = 1 + (X × T ) + (X × T ) • signature model γ : F (T, X) X gives

empty_γ = γ ∘ κ_1, add_γ = γ ∘ κ_2, . . . • Initial F (T, −) algebra μX . F (T, X):

– Carrier are lists over T × bool

(t, true) encodes an add(−, t), (t, false) encodes a del(−, t) – predicate and relation lifting [5] for P ⊆ T and R ⊆ T_1 × T_2:

Pred(μX . F (−, X))(P )(l) = P holds on every element of T in l Rel(μX . F (−, X))(R)(l_1, l_2) = { l_1 and l_2 have the same length R holds on corresponding pairs • �FSetDel�(T ) are sets over |T | (with respect to the provided equality on T )

CMCS 2004: Liftings for algebraic specifications (slide 12 of 26) Hendrik Tews

IV. Liftings for algebraic specifications Definition I

Definition 1 (to be improved later) Let T and S as before. Pred(�S�)(P ) = ∐ q_{QT} Pred(μX . Sig(−, X))(P )

Rel(�S�)(R) = ∐ q_{QT} ×q_{QV} Rel(μX . Sig(−, X))(R)

Here ∐ q_{QT} is the image along the quotient map qQT

used for factoring the initial Sig–algebra

• Let T_1, T_2 be models of T and s ⊆ |T_1| and r ⊆ |T_2| • Pred(�FSet�)(P )(s) ⇐⇒ { there exists a list representation l_s of s such that P holds on all elements in l_s • Rel(�FSet�)(R)(s, r) ⇐⇒ { there exist lists l_s and l_r of equal length such that R holds on corrsponding elements • For FSet these liftings coincide the liftings of the finite powerset functor [7] • For FSetDel they don’t!

CMCS 2004: Liftings for algebraic specifications (slide 13 of 26) Hendrik Tews

V. Properties / Problems FSetDel Problem

• Operations like del can spoil the liftings • Consider a relation R with a R b and a R c • in FSetDel:

del(add(empty, a), a) = empty del(add(empty, c), b) = add(empty, c) therefore (empty, add(empty, c)) ∈ Rel(�FSetDel�)(R) • However (∅, {c}) /∈ Rel(P)(R)

CMCS 2004: Liftings for algebraic specifications (slide 14 of 26) Hendrik Tews

V. Properties / Problems Overview

Property polynomial functors iterated pol. functors �S� monotonicity

√ √ √

truth/equality

√ √ √

fibred √ √ � cofibred √ ? √_∗

opposite √ ? √_∗

Unions ⊆ ? ⊆^⋆ intersection √ ? � composition √ ? � −^∗ holds if the property holds for the liftings of μX . Sig(−, X)

CMCS 2004: Liftings for algebraic specifications (slide 15 of 26) Hendrik Tews

V. Properties / Problems Monotonicity, Truth, Equality

Proposition 2 (Monotonicity) Let P_1 ⊆ P_2 and R_1 ⊆ R_2:

Pred(�S�)(P_1) ⊆ Pred(�S�)(P_2) Rel(�S�)(R_1) ⊆ Rel(�S�)(R_2)

Proof Pred(�S�)(P_1) = ∐ q Pred(μX . Sig(−, X))(P_1) ⊆ ∐ q Pred(μX . Sig(−, X))(P_2) □

Proposition 3 (Truth and Equality)

Pred(�S�)(⊤_{|T |}) = ⊤_{�S�(T )} Rel(�S�)(Eq(|T |)) = Eq(�S�(T ))

Proof Pred(�S�)(⊤_X ) = ∐ q_Q Pred(μX . Sig(−, X))(⊤X ) = ∐ q_Q ⊤μX . Sig(X,X)

= ⊤_{μX . Sig(X,X)/Q} = ⊤_{�S�(X)} □

CMCS 2004: Liftings for algebraic specifications (slide 16 of 26) Hendrik Tews

V. Properties / Problems Opposite

Proposition 4 (Opposite relation)

Let T, V be models of T and let R ⊆ |T | × |V |. Assume: ( Rel(μX . Sig(−, X))(R)

)_{op}

= Rel(μX . Sig(−, X))(R^{op})

Then we have also: ( Rel(�S�)(R)

)_{op} = Rel(�S�)(R^{op})

Proof Note that ( ∐ f×g (R))^{op} = ∐ g×f R^{op}: ( Rel(�S�)(R)

)_{op} = ( ∐ q_T ×q_V Rel(μX . Sig(−, X))(R)

)_{op} = ∐ q_V ×q_T ( Rel(μX . Sig(−, X))(R)

)_{op} = ∐ q_V ×q_T Rel(μX . Sig(−, X))(R op) = Rel(�S�)(R^{op}) □

CMCS 2004: Liftings for algebraic specifications (slide 17 of 26) Hendrik Tews

V. Properties / Problems Unions

Proposition 5 (Unions)

Let T, V be models of T and let (P_i ⊆ |T |)_{i∈I} and (R_i ⊆ |T | × |V |)_{i∈I} . Assume: ⋃ i Pred(μX . Sig(−, X))(P_i) ⊆ Pred(μX . Sig(−, X))( ⋃ i P_i) ⋃ i Rel(μX . Sig(−, X))(R_i) ⊆ Rel(μX . Sig(−, X))( ⋃ i R_i)

Then it holds ⋃ i Pred(�S�)(P_i) ⊆ Pred(�S�)( ⋃ i P_i) ⋃ i Rel(�S�)(R_i) ⊆ Rel(�S�)( ⋃ i R_i)

Proof Note that ∐ f ( ⋃ i P_i) = ⋃ i ∐ f P_i: ⋃ i Pred(�S�)(P_i) = ⋃ i ∐ q Pred(μX . Sig(−, X))(P_i) = ∐ q ⋃ i Pred(μX . Sig(−, X))(P_i) ⊆ ∐ q Pred(μX . Sig(−, X))( ⋃ i P_i)

= Pred(�S�)( ⋃ i P_i) □

CMCS 2004: Liftings for algebraic specifications (slide 18 of 26) Hendrik Tews

V. Properties / Problems Cofibredness

Proposition 6 Let T_1, T_2, V_1, V_2 be models of T and let f : T_1 T_2 , g : V_1 V_2 ,

P ⊆ |T_2|, and R ⊆ |T_2| × |V_2|. Assume

Pred(μX . Sig(−, X))( ∐ f P ) = ∐ μX . Sig(f,X) Pred(μX . Sig(−, X))(P )

Rel(μX . Sig(−, X))( ∐ f×g R) = ∐ μX . Sig(f,X) × μX . Sig(g,X) Rel(μX . Sig(−, X))(R)

Then

Pred(�S�)( ∐ f P ) = ∐ �S�(f) Pred(�S�)(P )

Rel(�S�)( ∐ f×g R) = ∐ �S�(f) × �S�(g) Rel(�S�)(R)

Proof Note that Q(f) ∘ q_R = q_R ∘ f because Q ⊣ Eq:

Pred(�S�)( ∐ f P ) = ∐ q_V Pred(μX . Sig(−, X))( ∐ f P ) = ∐ q_V ∐ μX . Sig(f,X) Pred(μX . Sig(−, X))(P ) = ∐ Q(μX . Sig(f,X)) ∐ q_T Pred(μX . Sig(−, X))(P ) = ∐ �S�(f) Pred(�S�)(P ) □

CMCS 2004: Liftings for algebraic specifications (slide 19 of 26) Hendrik Tews

V. Properties / Problems Failing intersection

(For polynomial functors one has Pred(F )(P_1 ∩ P_2) = Pred(F )(P_1) ∩ Pred(F )(P_2) )

Counterexample

T : Loose Specification Operation k, l : T End T

S[T : T] : Initial Specification Operations nil : S cons : S × T S Axioms

a : cons(nil, k) = cons(nil, l) End S

• Consider P = {k} and Q = {l} such that P ∩ Q = ∅

• [cons(nil, k)] ∈ Pred(�S�)(P ) and

[cons(nil, k)] = [cons(nil, l)] ∈ Pred(�S�)(Q)

• [cons(nil, k)] /∈ Pred(�S�)(P ∩ Q)

CMCS 2004: Liftings for algebraic specifications (slide 20 of 26) Hendrik Tews

V. Properties / Problems Failing composition

(For polynomial functors one has Rel(F )(R ∩ S) = Rel(F )(R) ∩ Rel(F )(S) )

Counterexample

T : Loose Specification Operation k : T End T

S[T : T] : Initial Specification Operations nil : S cons : S × T S Axioms

a : cons(nil, k) = nil End S

• Consider R with (a, k) ∈ R and a ≠ k

• Let S = ∅

• ([cons(nil, a)], [nil]) ∈ Rel(�S�)(R) because nil = cons(nil, k)

• ([nil], [nil]) ∈ Rel(�S�)(S)

• However, R ∘ S = ∅ so ([cons(nil, a)], [nil]) /∈ Rel(�S�)(R ∘ S)

CMCS 2004: Liftings for algebraic specifications (slide 21 of 26) Hendrik Tews

V. Properties / Problems Failing fibredness

(For polynomial functors one has Pred(F )(f∗ P ) = F (f)∗ Pred(F )(P ) )

Counterexample

T : Loose Specification Operation k : T End T

S[T : T] : Initial Specification Operations

nil : S cons : S × T S m : S × T S Variables l : S; t : T Axioms

a : m(l, t) = cons(l, k) End S

• Consider T with |T | = {t_1, t_2} and set k_T = t_1

• Then f^{def}= λx : T . t_1 is a morphism T T • Let P = {t_2} so f∗ (P ) = ∅ • [cons(nil, t_1)] ∈ Pred(�S�)(P ) because cons(nil, t_1) = m(nil, t_2) • therefore [cons(nil, t_1)] ∈ (�S�(f))∗ Pred(�S�)(P ) • However Pred(�S�)(f∗ P ) = { [nil] }

CMCS 2004: Liftings for algebraic specifications (slide 22 of 26) Hendrik Tews

VI. Improved Definition Canonical Forms

• axioms that erase (or introduce) parameter elements pose problems • Consider canonical forms C_T ⊆ μX . Sig(|T |, X)

such that ∀x ∈ μX . Sig(|T |, X) . [x] ∩ C_T ≠ ∅ • For FSetDel a term is in canonical form it it is del–free.

Definition 7 Let T and S as before and let P ⊆ |T | and R ⊆ |T | × |V | for models T and V of T .

Pred(�S�)(P ) = ∐ q_{QT} ( Pred(μX . Sig(−, X))(P ) ∩ C_T ) Rel(�S�)(R) = ∐ q_{QT} ×q_{QV} ( Rel(μX . Sig(−, X))(R) ∩ C_T × C_V ) ∐ q_{QT} is the quotient map as before.

• For predicate lifting the canonical forms are not necessary. • Properties of these liftings depend on the subset of the canonical forms.

CMCS 2004: Liftings for algebraic specifications (slide 23 of 26) Hendrik Tews

VI. Improved Definition Results

Property pol. func. it. pol. func. �S� �S� improved monotonicity

√ √ √ √

truth/equality

√ √ √ √

fibred √ √ � � cofibred √ ? √_∗ ? opposite √ ? √_∗ √_∗

Unions ⊆ ? ⊆^⋆ ⊆^⋆ intersection √ ? � � composition √ ? � �

−^∗ holds if the property holds for the liftings of μX . Sig(−, X)

CMCS 2004: Liftings for algebraic specifications (slide 24 of 26) Hendrik Tews

VII. End

Conclusion

• Predicate and relation lifting for parametric algebraic specifications (that rely on operations of the parameter) • these liftings define bisimulations and invariants for the derived functors • Obvious approach

– factor the liftings of Hensel and Jacobs [5] with the (congruence relation derived from the) axioms – fails on many specifications • need to consider subsets of canonical terms (best normal forms) • liftings and its properties depend on the choice of the canonical terms • new liftings have some nice properties (monotone, unions) however other properties fail (fibredness, intersection, composition)

Related Work

• CCSL does not (yet) support algebraic specifications • CoCasl does not mention bisimulations • BObj — need to investigate

CMCS 2004: Liftings for algebraic specifications (slide 25 of 26) Hendrik Tews

VII. End References

[1] Aczel, P. and P. F. Mendler, A final coalgebra theorem, in: D. H. Pitt, D. E. Rydeheard, P. Dybjer, A. M. Pitts and A. Poigné, editors, Proceedings of the Conference on Category Theory and Computer Science, LNCS 389 (1989), pp. 357–365.

[3] Goguen, J. and G. Malcolm, A hidden agenda, Theoretical Computer Science 245 (2000), pp. 55–101.

[5] Hensel, U. and B. Jacobs, Proof principles for datatypes with iterated recursion, in: E. Moggi and G. Rosolini, editors, Category Theory and Computer Science, LNCS 1290 (1997), pp. 220–241.

[6] Hermida, C. and B. Jacobs, Structural induction and coinduction in a fibrational setting, Information and Computation 145 (1998), pp. 107–152.

[7] Jacobs, B., Mongruences and cofree coalgebras, in: V. Alagar and M. Nivat, editors, Algebraic Methodology and Software Technology, LNCS 936 (1995), pp. 245–260.

[9] Meinke, K. and J. V. Tucker, Universal algebra, in: S. Abramsky, D. M. Gabbay and T. S. E.

Maibaum, editors, Handbook of Logic in Computer Science. Volume 1. Background: Mathematical Structures, Oxford University Press, 1992 pp. 189–409.

[13] Reichel, H., Behavioural validity of conditional equations in abstract data types, in: Contributions to General Algebra 3, Teubner, 1985 Proceedings of the Vienna Conference, June 21-24, 1984.

CMCS 2004: Liftings for algebraic specifications (slide 26 of 26) Hendrik Tews